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3.1 Multivariate random variables

Multivariate random variable or random vector or k- dimensional random variables: A random
variable k— dimensional is a function with domain S and codomain R¥ :

(Xl,...,Xk) 1sE€ES — (Xl(s),...,Xk(S» S R" .
The function (Xi(s),..., Xk(s)) is usually written for simplicity as (X1,...,Xk) .
Remark: If £k = 2 we have the bivariate random variable or two dimensional random variable

(X,Y):5€8 — (X(s),Y(s)) € R%.

3.2 Joint cumulative distribution function

Joint cumulative distribution function: Let (X,Y) be a bivariate random variable. The real
function of two real variables with domain R? and defined by

Fxy(z,y) = P(X <2,V <y)
is the joint cumulative distribution function of the two dimensional random variable (X,Y) .
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Region defined by the inequalities X <z and Y <y



Properties of the joint cumulative distribution function
L 0< Fxy(z,y) <1
2. Fxy(z,y) is non decreasing with respect to = and y :

(a) Az > 0= Fxy(r+ Az,y) > Fxy(z,y)
(b) Ay >0= FX,Y(xvy + Ay) > FX’Y(ZL',Z/)

3. lim Fxy(z,y) =0, lim Fyy(z,y) =0and lim lim Fyxy(z,y)=1
y——00

T——00 r—+00 y—+00

4. Let I be a rectangle defined as I = (x1,x2] X (y1, y2] , where x denotes the Cartesian product
of sets! then P((X,Y) S ]) = P(:L‘l <X <x,y1 <Y <L yg) = FX’Y(ZUQ,yQ) - F)Qy(l‘l,yg) -
Fxy(z2,y1) + Fxy(z1,y1)-

5. Fxy(z,y) is right continuous with respect to x and y: lim+FX7y(x,y) = Fxy(a,y) and

lim FX,Y(xay) :FX,Y(va)‘ o
y—bt
3.3 Marginal Cumulative distribution function

The (marginal) cumulative distribution functions of X and Y can be obtained form the Joint
cumulative distribution functions of (X,Y") :

e The Marginal cumulative distribution function of X :Fx (X <z) = P(X <z,Y < +400) =
lim Fxy(z,y).
y—-+oo

e The Marginal cumulative distribution function of Y :Fy (Y <y) = P(X < +00,Y <y) =
111_{1 FX,Y(xay)'
T—>1T00

Remark: The joint cumulative distribution function uniquely determines the marginal distribu-
tions, but the opposite is not true.
3.4 Independence of jointly distributed random variables

Definition: The jointly distributed random variables X and Y are said to be independent if and
only if for any two sets B; € R, By € R we have

P(X € B,Y € By) = P(X € B))P(Y € By)

Remark: Independence implies that Fy y (z,y) = Fx(z)Fy(y), for any (z,y) € R?.

Theorem: If X and Y are independent random variables and if h(X) and g(Y') are two functions
of X and Y respectively, then the random variables U = h(X) and V = ¢g(Y') are also independent
random variables.

'The Cartesian product of two sets A and B is given by A x B = {(z,y) : « € A,y € B}



3.5 Jointly distributed discrete random variables

Let D(x y) be the set of of discontinuities of the joint cumulative distribution function Fi x y(=,y),
that is
Dixyy={(z,y) eER*: P(X =2,Y =y) >0}

Definition: (X,Y) is a two dimensional discrete random variable if and only if

Y PX=zY=y=L1
(z,9)€Dx,v)

Remark: As in the univariate case, a multivariate discrete random variable can take a finite
number of possible values (x;,v;), where i = 1,2,...,ky and j = 1,2,..., ko, where ki and ko are
finite integers, or a countably infinite (x;,y;), where ¢ = 1,2,... and j = 1,2,.... For the sake of
generality we consider the latter case. That is D(xyy = {(z,9;),i=1,2,...,5 = 1,2,...}

Definition: (Joint probability distribution/ function) If X and Y are discrete random variables,
then the function given by

fxy(z,y) =P (X =z,Y =y)

for (z,y) € D(x y) is called the joint probability function of (X,Y’) or joint probability distribution
of the random variables X and Y.

Hence we have the following theorem.
Theorem: A bivariate function fxy (z,y) can serve as joint probability distribution of the pair of
discrete random variables X and Y if and only if its values satisfy the conditions:

L. fxy(z,y) > 0 for any (z,y) € R?
2. Y ey)eny IXy (@ y) =32 32 fxy (@i, y;) =1
Example: Let X and Y be the random variables representing the population of monthly wages of

husbands and wives in a particular community. Say, there are only three possible monthly wages
in euros: 0, 1000, 2000. The joint probability distribution is

X 0 1000 2000

Y
0 0.056 0.15 0.10
1000 0.10 0.10 0.30
2000 0.05 0.05 0.10
For example
fx,v(2000,1000) = P(X =2000,Y = 1000)

= 0.30
gives the probability that a husband earns 2000 euros and the wife earns 1000 euros.

Remark: We can calculate any probability using this function. For instance P ((x,y) € B) =
Z(x’y)eB fX,Y(‘r7 y)



Definition: (Joint cumulative distribution function) If X and Y are discrete random variables,
the function given by

FX7y(IE y) = Z Z fX,Y(‘S?t)

s<z t<y

for (x,y) € R? is called the joint distribution function or joint cumulative distribution of X and Y.

Example. (Cont) The joint cumulative probability distribution is

X 0 1000 2000

Y

0 0.05 0.2 0.3
1000 0.15 04 0.8
2000 02 05 1

For instance

Fx.y(1000,1000) = P(X =0,Y = 0) + P(X = 0,Y = 1000)
+ P(X =1000,Y = 0) + P(X = 1000,Y = 1000)

Marginal probability distribution/function: The marginal probability function is another
name for the probability function and it can be computed from the joint probability function. The
marginal probability can be computed in the following way. If Y and X can take values y1,y2, ...,
and ,x1,x2 ..., respectively, then

P(X =2) ZyeDyf(x7y):Z?ilp(X:anZyi) forz € D,
0 forz ¢ D,

0y = L 2een fwy) = X5, P(X =2,Y =y) . forye D,

P =y) = { 0 fory ¢ D,

where D, and D, are the range of X and Y respectively.

Example (cont):

P(X=z) = P(X=2Y=0)+P (X =2zY =1000)
+P (X =z,Y = 2000)

P(Y=y) = P(X=0,Y =y)+P (X =1000,Y =)
+P (X =2000,Y =y)

Applying these formulas we have:

X 0 1000 2000 P(Y =y)
Y
0 0.05 0.15 0.10 0.30
1000 0.10 0.10 0.30 0.50
2000 0.05 0.05 0.10 0.20
P(X =2) 020 030 0.50 1




Independence of random variables: Two random variables X and Y are independent if and
only if
P(X=2,Y=9)=P(X=a)P(Y = ).

Example (cont): In the previous example
P(X=0,Y=0)=0.05

and
P(X =0)P(Y =0)=0.20 x 0.30 = 0.06

thus X and Y are not independent.

Independence of discrete multivariate random variables: £k random variables Xi,..., X
are independent if and only if

P(Xi=a1,Xe=ag,...,Xp =ax) = P(X1=a1) P(X2 =a2)..., P (X = az) .

for all (a1, as,...,a;) € R¥ such that P (X1 = a1, X2 = ag,..., X = a;) > 0.

3.6 Jointly distributed continuous random variables

Definition: (Two-dimensional continuous random variable) (X,Y") is a two-dimensional continu-
ous random variable with a joint cumulative distribution function Fx y(x,y), if and only if X and
Y are continuous random variables and there is a non-negative real function fxy(z,y), such that

y T
Fxy(z,y)=P(X <z,Y <y) :/ / Ix,y(t,s)dtds

The function fx y(x,y) is the joint (probability) density of X and Y.

Example: Given the joint probability density function

[ (z+y) for (z,y) € (0,1) x (0,1)
fxy(z,y) = { 0 otherwise

Compute Fy y(z,y).
Ifz <0ory<O0then [Y [* fxy(t s)dtds=0
Note that for (z,y) € (0,1) x (0,1) we have

) z Yy x
/ / fxy(t s)dtds = / / (t+ s)dtds
—00 J—00 0o Jo
1 1

= 5;6’3/2 + §x2y.

If (z,y) € (0,1) x [1,00).

Y T 1 T
/ / fxy(t, s)dtds = / / (t + s)dtds
—00 J—o0 0o Jo
11,



If (z,y) € [1,00) x (0,1).

Yy x Y 1
/ / fxy(t,s)dtds = / / (t + s)dtds
—00 J—o00 0o Jo
1 1

_ - =2
= Yty

and if (z,y) € [1,00) x [1,00) we have

y [ 1,1
/ / fxy(t,s)dtds = / (t + s) dtds
—00 J—00 o Jo

= 1
Hence
0 forr <Oory <0
sey? + ya%y  for (z,y) € (0,1) x (0,1)
Fxy(z,y) = %w + %902 for (z,y) € (0,1) x [1,00)
§y + §y2 fOI‘ (Qf,y) € [17 OO) X (07 1)
1 for (z,y) € [1,00) % [1, 00)

Theorem: A bivariate function can serve as a joint probability density function of a pair of
continuous random variables X and Y if its values, fxy(x,y), satisfy the conditions:

1. fX,Y(xay) > O7<aj7y) € RQ

2. [T [T fx v (z,y)dady = 1.

Remark: Note that P ((X,Y) € A) = [ [, fx,v(z,y)dzdy for any region A in R?.
Example: Given the joint probability density function

3
_ ggg(y +z) for (z,y) € (0,1) x (0,2)
fxy(z,y) = { 0 otherwise

Compute P((X,Y) € (0,1/2) x (1,2)).

Notice that
2 r1/2

P((X,Y) € (0,1/2) x (1,2)) = / [ fr@gpdody

Now

0

/ /
1 2fX,Y(UC,y)d$ = /01 i <§x(y+w)> dx

And consequently

2 1/2 2 3 1
/1/0 [xy(z,y)dedy = /1 <40y+40>dy



Properties:

2 2
1. For all points where fxy(z,y) is continuous, fxy(z,y) = 2 Fgg’c’éém’y) =2 Fgégg(cm’y).

2. Marginal cumulative distribution functions: A marginal cumulative distribution function is
another name for a cumulative distribution function of a single random variable

(a) Marginal cumulative distribution functions of the random variable X
+o0
FX(x): hm Fnyy / / fxy (u,y)dydu,
(b) Marginal cumulative distribution functions of the random variable Y’

oo ry
Fy (y) = xEIEOOFX’Y(x’y) = / / fxy(z,v)dvdz.

3. Marginal density functions: A marginal density function is another name for a density function
of a single random variable

(a) Marginal density functions of the random variable X

“+oo
fx (z) = fxy(x,v)dv,

—00

(b) Marginal density functions of the random variable Y’

Iy (y) = /+00 fxy(u,y)du.

—00

Example: Given the joint probability density function
x + for (z,y) € (0,1) x (0,1
Pevte = { 59 ©r @000 0

0 otherwise

compute the marginal cumulative distribution function of X and its density function.
Note that

Fx (z) = /m /1 fxy(u,y)dudy

[ [
G

11,
= “x4- 1).
5T+ 57,7 € (0,1)
Also fx (z fo [xy(z,v)dv = fo v+1z)dv=1x+1z € (0,1). Alternatively we could obtain
the same result by using the formula fx (z) = ngx(x).

Independence of random variables: Two random variables X and Y are independent if and
only if
fxy (@,y) = fx(@)fr(y).

where fx(z) and fy(y) are the density functions of X and Y respectively.



Example: Given the joint probability density function

[ (4yz) for (x,y) € (0,1) x (0,1)
Fxy(z,y) = { 0 otherwise

Show that X and Y are independent random variables.

Independence of continuous multivariate random variables: k random variables X1, ...
are independent if and only if

sak) = fxy (a1) fx, (a2) - fxy (ar) -

for all (ay,as,...,a;) € R¥, where fx1,...x, (a1,a2,. ..
random variables X1,...,X}.

Ix1,...x, (a1, a2, ..

,ay) is the joint density functions of the

3.7 Conditional probabilities

Discrete random variables
Conditional probability function of Y given X: A conditional probability function of a discrete
random variable Y given another discrete variable X taking a specific value is defined as

frix=(y) = P =ylX =x)
P Y=y, X =1
N P(X =1x)
fX Y(xa y)
=2 fx(x) > 0.
fx (@) (@)
(for fixed x). The conditional probability function of X given Y is defined in a similar way
fX Y(mvy)
Pxiy=y(@) = XD g ) > 0.
X[y =y(2) 5w ()
Remark: We can use also an alternative notation fyx—,(y) = fy|x(ylz) and fxjy—,(z) =
Ixpy (zly).
Example (cont): Consider the joint probability function
X 0 1000 2000 | P(Y =y)
Y
0 0.05 0.15 0.10 0.30
1000 0.10 0.10 0.30 0.50
2000 0.05 0.05 0.10 0.20
P(X =) 020 0.30 0.50 1
Compute P (Y = y|X =0), y = 0,1000, 2000.
Note that
P(Y=0,X=0) 005
PY=0X=0 = = =0.25
( | ) P(X =0) 0.2
P(Y =1000,X =0) 0.1
P(Y =1000|X =0) = = — =0.5.
( | ) P(X =0) 0.2
P (Y =2000,X =0) 0.05
P(Y =2000|X =0) = = = 0.25.
( | ) P(X =0) 0.2

8



Remarks:

e The conditional probability functions satisfy all the properties of probability functions, and
therefore Y 7%, fyx (i) = 1.

e If X and Y are independent fyx—,(y) = fy(y) and fx|y—,(z) = fx(z)

Continuous random variables.

Conditional Probability density function: If fxy(x,y) is the joint probability density function
of the continuous random variables X and Y and fy (y) is the marginal density function of Y, the
function given by

fX|Y:y (SL’) _ fX,Y(xvy)

Iy (y)

is the conditional probability function of X given {Y = y}. Similarly if fx (z) is the marginal
density function of X

;o € R (for fixed y ), fy (y) # 0

Frixee () = Wy € R (for fixed @ ), f (z) # 0

is the conditional probability function of Y given {X = x}
Remark: As in the discrete case we can use also the alternative notation fy|x—,(y) = fy|x(y|z)

and fX|y:y($> = fX|Y(37‘y)-
Remark: Note that

POXEBY =9) = [ fryey@)da
for any B C R

Example: Given the joint probability density function

[ (y+=z) for (z,y) € (0,1) x (0,1)
fxy(zy) = { 0 otherwise

Compute fx|y—o5 () and P(X > 0.7]Y = 0.5)

fxy(z,0.5)
fy(0.5)
= x+05,z€(0,1)

Ixly=05(y) =

Note that P(X > 0.7]Y = 0.5) = f01.7 fxy=o0s () dr = f01.7 (x4 0.5) dx = 0.405
Remarks:

1. The conditional density functions of X and Y verify all the properties of a density function
of a univariate random variable.

2. Note that we can always decompose a joint density function in the following way
fxy(@,y) = fx (@) fyix=2 (¥) = fy () fxjy=y ().

3. If X and Y are independent fyx—, (y) = fy (y) and fxy—, (z) = fx (v).



